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Abstract
In this paper, we define and study the approximately local lifting property for operator spaces. We show
that an operator space V has the approximately local lifting property if and only if V ∗ is injective. This
implies that an operator space V has the approximately local lifting property if and only if it has the local
lifting property.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
The theory of operator spaces is a recently arising area in modern analysis, which is a natural
non-commutative quantization of Banach space theory. Many problems in operator spaces are
naturally motivated from both Banach space theory and operator algebra theory. Recently, there
has a very important development in the local theory of operator spaces. Some local properties
such as local reflexivity, exactness, nuclearity, finite representability and local lifting property
have been intensively studied in [2–7,10]. In this paper, we study the approximately local lifting
properties for operator spaces. Let us recall from the Banach space theory that a Banach space
V is said to have the lifting property if given any Banach spaces W ⊆ Y , a linear contraction
ϕ : V → Y/W and  > 0, there is a bounded linear map ϕ˜ : V → Y such that ‖ϕ˜‖ < 1 +  and
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showed that a Banach space V has the lifting property if and only if V is isometrically isomorphic
to l1(I ) for some index I . A Banach space V is said to have the local lifting property if given any
Banach spaces W ⊆ Y and a contraction ϕ : V → Y/W , for every finite dimensional subspace
E of V and  > 0, there exists a bounded linear map ϕ˜ : E → Y such that ‖ϕ˜‖ < 1 +  and
q ◦ ϕ˜ = ϕ|E , i.e., we have the commutative diagram
Y
q
E
ϕ˜
V
ϕ
Y/W.
It is known from the Grothendieck’s result that given a measure space (X,M,μ), the Banach
space L1(X,M,μ) need not have the lifting property. But one can show that L1(X,M,μ) has
the local lifting property.
The operator space version of the lifting property has been studied by Blecher [1] under the
name of projectivity. We recall from [1] that an operator space V has the lifting property (or
simply LP) if given any operator spaces W ⊆ Y , a complete contraction ϕ : V → Y/W and  > 0,
there exists a completely bounded linear map ϕ˜ : V → Y such that q ◦ ϕ˜ = ϕ and ‖ϕ˜‖cb < 1 + ,
where q : Y → Y/W denotes the complete quotient map from Y onto Y/W . For any index I , the
operator space TI = T (l2(I )) of all trace class operators on l2(I ) is the natural non-commutative
analog of l1(I ). It was shown in [1] that for each n ∈ N, Tn has the LP. However, in contrast to the
Banach space theory, TI does not have the LP for any infinite index set I . It is known from [10]
that TI has the operator space version of the local lifting property (LLP). We say that an operator
space V has the local lifting property (LLP) if given any operator spaces W ⊆ Y and a complete
contraction ϕ : V → Y/W , for every finite dimensional subspace E of V and  > 0, there exists
a completely bounded linear map ϕ˜ : E → Y such that ‖ϕ˜‖cb < 1 +  and q ◦ ϕ˜ = ϕ|E , i.e., we
have the commutative diagram
Y
q
E
ϕ˜
V
ϕ
Y/W,
where q : Y → Y/W denotes the complete quotient map from Y onto Y/W . It is clear that LP
implies LLP.
The LP and LLP are closely related to the injectivity. It is known from [1] that an operator
space V has the LP if and only if its operator dual V ∗ is w∗-injective. In [10], it is shown that
an operator space V has the LLP if and only if V ∗ is injective. In Section 2, we introduce the
approximately local lifting property (ALLP) and approximately injectivity for operator spaces,
and show that an operator space V has the ALLP ⇔ V has the LLP ⇔ V ∗ is approximately
injective ⇔ V ∗ is injective. More details about operator spaces can be found in [8,12].
2. Approximately local lifting property
We say that an operator space V has the approximately local lifting property (ALLP) if given
any operator spaces W ⊆ Y and a complete contraction ϕ : V → Y/W , for every finite di-
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ϕα : E → Y such that ‖ϕα‖cb < 1 +  and q ◦ ϕα → ϕ|E in the point-norm topology, i.e., we
have the approximately commutative diagram
Y
q
E
ϕα
V
ϕ
Y/W,
where q : Y → Y/W denotes the complete quotient map from Y onto Y/W . It is clear that LLP
implies ALLP. Thus for any index I , TI has the ALLP.
It is known (see [1]) that every operator space V is a complete quotient space of some TI .
Let qV : TI → V denote the complete quotient map from TI onto V and W = kerqV , then we
have the complete isometry V = TI /W . In the following theorem, we will use some nice local
property of TI . Indeed, it is known from [6] that given any index set I , TI is a T space, i.e., for
every finite dimensional subspace E of TI and  > 0, there exists a finite dimensional subspace F
of TI containing E such that the completely bounded Banach–Mazur distance dcb(F,Tn) < 1+
for some Tn. The following result is motivated by the similar result in [10].
Theorem 2.1. Let V be an operator space with V = TI /W . Then the following are equivalent:
(1) V has that ALLP.
(2) For every finite dimensional operator space E, every complete contraction ϕ : E → V and
 > 0, there exists a net of completely bounded maps ϕα : E → TI such that ‖ϕα‖cb < 1 + 
and qV ◦ ϕα → ϕ in the point-norm topology, i.e., the diagram
TI
qV
E
ϕα
ϕ
V = TI /W
is approximately commutative.
(3) For any finite dimensional subspace E of V and  > 0, there are completely bounded maps
sα : E → Tn(α) and tα : Tn(α) → V such that ‖sα‖cb · ‖tα‖cb < 1 +  and the diagram
Tn(α)
tα
E
sα
ι
V
approximately commutes in the point-norm topology, where ι : E ↪→ V denote the inclusion
map.
Proof. (1) ⇒ (2). For any finite dimensional operator space E and any complete contraction
ϕ : E → V and  > 0, it follows from the ALLP of V that there exists a net of completely
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topology, i.e., we have the approximately commutative diagram
TI
q
E
ϕ
ϕ(E)
ψα
V
id TI /W = V.
Define ϕα = ψα ◦ ϕ : E → TI . We have ‖ϕα‖ ‖ψα‖ < 1 +  and for every x ∈ E,∥∥q ◦ ϕα(x) − ϕ(x)∥∥= ∥∥q ◦ ψα(ϕ(x))− ϕ(x)∥∥→ 0.
(2) ⇒ (3). For any finite dimensional subspace E of V = TI /W and 0 <  < 1, it follows
from (2) that there exists a net of completely bounded linear maps ϕα : E → TI such that ‖ϕα‖ <
1 + /3 and the diagram
TI
q
E
ϕα
ι V = TI /W
approximately commutes, that is q ◦ ϕα(x) ‖·‖−→ x for any x ∈ E. Since TI is a T space, there
exists a finite dimensional subspace Fα of TI containing ϕα(E) such that dcb(Fα,Tn(α)) <
1 + /3 for some Tn(α). Let ψα : Fα → Tn(α) be a completely bounded isomorphism such that
‖ψα‖cb · ‖ψ−1α ‖cb < 1 + /3. We get the diagram
ϕα(E) Fα
ψα
TI
qTn(α)
ψ−1α
tα
E
ϕα
sα
ι V = TI /W.
Set sα = ψα ◦ ϕα , tα = q ◦ ψ−1α are completely bounded maps such that for any x ∈ E,
tα ◦ sα(x) = q ◦ ψ−1α ◦ ψα ◦ ϕα(x) = q ◦ ϕα(x)
‖·‖−→ x
and
‖tα‖cb · ‖sα‖cb  ‖ϕα‖cb · ‖ψα‖cb ·
∥∥ψ−1α ∥∥cb <
(
1 + 
3
)(
1 + 
3
)
< 1 + .
(3) ⇒ (1). Given operator spaces W ⊆ Y , we let q : Y → Y/W denote the complete quotient
map from Y onto Y/W . Let ϕ : V → Y/W be a complete contraction, E a finite dimensional
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diagram of completely bounded maps such that ‖sα‖cb · ‖tα‖cb < 1 + /3
Tn(α)
tα
E
sα
ι
V .
Since Tn(α) has the lifting property, ϕ ◦ tα : Tn(α) → Y/W has a completely bounded lifting
ψα : Tn(α) → Y such that ‖ψα‖cb  ‖tα‖cb(1 + /3) and q ◦ψα = ϕ ◦ tα . Therefore, we have the
diagram
Tn(α)
tα
ψα
Y
q
E
sα
ι
V
ϕ
Y/W.
Set ϕα = ψα ◦ sα . For any x ∈ E, we have
q ◦ ϕα(x) − ϕ(x) = q ◦ ψα ◦ sα(x) − ϕ(x) = ϕ ◦ tα ◦ sα(x) − ϕ(x)
= ϕ(tα ◦ sα(x) − x) ‖·‖−→ 0
and
‖ϕα‖cb  ‖ψα‖cb · ‖sα‖cb  ‖tα‖cb · ‖sα‖cb
(
1 + 
3
)
<
(
1 + 
3
)(
1 + 
3
)
< 1 + . 
It is well known that a dual operator space V ∗ is injective if and only if for any completely
isometric inclusion ι :X ↪→ Y ,
ι ⊗ idV :X ⊗ˆ V → Y ⊗ˆ V
is completely isometric (see Chapter 7 in [8]).
Proposition 2.2. If V has the ALLP, then V ∗ is injective.
Proof. We first show that for any operator spaces X ⊆ Y , that is
‖u‖X⊗ˆV  ‖u‖Y ⊗ˆV
for any u ∈ X ⊗V . Let us assume that u ∈ X ⊗V and ‖u‖Y ⊗ˆV < 1. Then there exist contractive
elements α ∈ M1,kl , y ∈ Mk(Y ), v = [vij ] ∈ Ml(V ) and β ∈ Mkl,1 such that u = α(y ⊗ v)β . Let
E = span{vij } be the finite dimensional subspace of V spanned by {vij : i, j = 1, . . . , l}. From
the definition of ⊗ˆ, we have ‖u‖Y ⊗ˆE < 1. It is easy to see (by choosing a basis for E) that u is in
fact contained in X ⊗E. Since V has the ALLP, we have from Theorem 2.1 that for every  > 0,
there exist completely bounded maps sα :E → Tn(α), tα :Tn(α) → V such that tα ◦ sα(x) ‖·‖−→ x,
for any x ∈ E and ‖tα‖cb · ‖sα‖cb < 1 + . It follows that
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∥∥(idX ⊗ tα ◦ sα)(u)∥∥X⊗ˆV
 lim sup
α
‖tα‖cb ·
∥∥(idX ⊗ sα)(u)∥∥X⊗ˆTn(α)
= lim sup
α
‖tα‖cb ·
∥∥(idY ⊗ sα)(u)∥∥Y ⊗ˆTn(α)
 lim sup
α
‖tα‖cb · ‖sα‖cb · ‖u‖Y ⊗ˆE
< 1 + ,
where the equality in the third place follows from the above remark and the injectivity of T ∗n(α) =
Mn(α). Let  → 0, we get ‖u‖X⊗ˆV  1, and this implies that
ι ⊗ idV :X ⊗ˆ V → Y ⊗ˆ V
is isometric. Since X,Y are arbitrary operator spaces, we have the natural mapping
Tn(X ⊗ˆ V ) = Tn(X) ⊗ˆ V → Tn(Y ) ⊗ˆ V = Tn(Y ⊗ˆ V )
is isometric. It follows from [8, Theorem 4.1.8] that
ι ⊗ idV :X ⊗ˆ V → Y ⊗ˆ V
is completely isometric. From the above remark, we know that V ∗ is injective. 
We say that an operator space V is approximately injective if given operator spaces W ⊆ Y ,
any completely contractive map ϕ : W → V , there exists a net of complete contractions ϕα :
Y → V such that for each w ∈ W ,∥∥ϕα(w) − ϕ(w)∥∥→ 0,
i.e., ϕ is the point-norm limit of ϕα|W .
Notice that the definition of approximate injectivity is different from that in [2]. In [2], Effros
and Haagerup defined and studied the approximate injectivity of C∗-algebras. In that definition,
operator systems W ⊆ Y are assumed to be finite dimensional.
Lemma 2.3. Suppose that V is a dual operator space, then V is approximately injective if and
only if V is injective.
Proof. Let V = Z∗ ⊆ B(H). Assume that V is approximately injective. Given operator spaces
W ⊆ Y and a complete contraction ϕ : W → V , there exists a net of complete contractions
ϕα : Y → V such that ϕα|W → ϕ in the point-norm topology. From Chapter 7 of [11], the unit
ball of CB(Y,V ) = CB(Y,Z∗) = (Y ⊗ˆ Z)∗ is compact in the point-weak∗ topology. So {ϕα}
has a sub-net ϕαt converging to, say, ψ in the point-weak∗ topology. Since ϕα|W → ϕ in the
point-norm topology, we have ψ |W = ϕ and ψ is a completely contractive extension of ϕ. This
implies that V is injective. The converse is obvious. 
Now we can give the main result of this paper.
Theorem 2.4. Suppose that V is an operator space. Then the following are equivalent.
(1) V has the ALLP;
(2) V has the LLP;
1060 Z. Dong / J. Math. Anal. Appl. 336 (2007) 1054–1060(3) V ∗ is approximately injective;
(4) V ∗ is injective.
Proof. From Proposition 2.2, (1) implies (4). The equivalence of (3) and (4) follows from
Lemma 2.3. By virtue of [10, Theorem 5.5], (2) and (4) are equivalent. (2) ⇒ (1) is obvious. 
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